Abstract-Accurate reconstruction of HRTFs is important in the design and development of high quality 3D binaural sound synthesis systems. Conventionally, minimum phase HRTF model development for reconstruction of HRTFs has been limited to minimum phase-pure delay models which ignore the all pass component of the HRTF. In this paper, a novel method for minimum phase HRTF modeling of Pinna Spectral Notches (PSNs) using group delay decomposition is proposed. The proposed minimum phase model captures the PSNs contributed by both the minimum phase and all pass component of the HRTF thus facilitating an accurate reconstruction of the HRTFs for all spatial angles which was hitherto not possible in the minimum phase-pure delay model. The purely minimum phase HRTF components and their corresponding spatial angles are first identified using a Fourier Bessel Series method that ensures a continuous evolution of the PSNs. The minimum phase-pure delay model is used to reconstruct HRTF for these spatial angles. Subsequently, the spatial angles which require both the minimum phase and all pass component of the HRTF are also identified. For these spatial angles, a second order all pass filter is cascaded with the minimum phase-pure delay HRTF model. The all pass filter designed in this work captures the spectral cues contributed by the all pass component of the HRTF. The minimum phase HRTF model proposed in this work is able to reconstruct accurate HRTFs since it is able to capture PSNs with a high degree of resolution. Performance of the proposed minimum phase HRTF model is evaluated by conducting experiments on PSN extraction, cross coherence analysis, and 3d binaural sound synthesis. Both objective and subjective evaluation results obtained using CIPIC, KEMAR, and the MiPS database are used to indicate the significance of the proposed model in 3D binaural sound synthesis.
I. INTRODUCTION
Sound interaction with human body varies with its direction of arrival. This interaction can be uniquely characterized by a direction dependent transfer function called as Head Related Transfer Function (HRTF) [1] , [2] . HRTFs are usually measured in an anechoic environment using a LoudspeakerMicrophone setup [3] , [4] . These HRTFs measured for left and right ears can be utilized for synthesis of spatial sound. Binaural synthesis is a headphone based spatial audio technique utilizing HRTFs of both left and right ear. In binaural synthesis, the HRTF is typically implemented as cascade of a minimum phase component of HRTF and a pure delay called as Minimum phase-pure delay model [5] , [6] . This representation has been traditionally used since it reduces the cost of binaural synthesis. But it is well known that, spectral notches of HRTF, particularly contributed by pinna called as Pinna Spectral Notches (PSN), are considered to be dominant cues in the perception of sound directionality [7] . Additionally, the contribution of these notches come from both minimum phase component and all pass component of HRTF. Therefore, an approximation of all pass component of HRTF using only a pure delay lead to loss in some of the spectral cues responsible for spatial sound perception.
Spectral notches of HRTFs have been traditionally associated with the nulls of the HRTF magnitude spectrum. They also manifest as transitions in the phase spectrum. Phase transitions are also been contributed by the all pass component of HRTFs. All these transitions in the phase spectrum appear as sharp valleys in the group delay spectrum which is the negative differential of phase spectrum [8] . In [9] , a signal processing technique (LP-GD), employ autocorrelation, windowing, LP-residual and group delay operations on the HRTF to extract the location of the pinna spectral notches. As group delay operates on the phase of HRTF, the notches observed in the group delay spectrum are due to minimum phase component and all pass component. It is important to understand the contributions from each component so that spectral notches which are lost in the minimum phase-pure delay model can be identified and captured by a compensation filter. However earlier perceptual studies indicate that the relevance of these subtle cues (spectral variations of all pass components) are perceptually indistinguishable when binaural synthesis is performed from a fixed direction [5] . But it is important to study the relevance of the sudden variations of all pass phase in continuously rendering binaural audio. In order to address this problem, it is important to understand the phase variations continuously in the 3D space. Fourier Bessel Series can be utilised for studying these phase variations. Fourier Bessel Series were earlier used for interpolating horizontal plane HRTFs [10] . However spatial variation of all pass phase using FBS for any circular plane has not been explored in an explicit manner. In this study, we attempt to express HRTFs of any circular plane in Fourier Bessel Series. Subsequently HRTFs of any intermediate directions are reconstructed and their phase variations are studied using Group Delay decomposition. This helps us in understanding the evolution of spectral notches continuously and thereby identify the HRTFs and its corresponding directions which are purely minimum phase in nature.
The primary contributions of this work are as follows.
A novel minimum phase HRTF model using group delay decomposition is proposed for 3D binaural sound synthesis. In this context, a HRTF group delay decomposition method for pure minimum phase HRTF identification using FBS method is first developed. Subsequently, a second order all pass filter is designed using specifications obtained by the phase variations of all pass component of HRTF. The HRTFs reconstructed by the proposed HRTF model with all pass filter are used for binaural sound synthesis using CIPIC, KEMAR, MiPS databases. Performance improvements are observed interms of binaural sound perception. The rest of the paper is organised in the following manner. Pure minimum phase HRTF identification using HRTF group delay decomposition is described in Section II. A FBS method for identification of pure minimum phase HRTFs is also discussed herein. Subsequently, HRTF reconstruction and spectral notch extraction for CIPIC database is also discussed in this section. Section III describes the proposed HRTF model using group delay decomposition and all pass filter for 3D binaural sound synthesis. Design of all pass filter is also discussed in this section. The performance of the proposed minimum phase HRTF model for PSN extraction and 3D binaural sound synthesis over CIPIC, KEMAR and MiPS databases is discussed in Section IV. Section V concludes the paper.
II. HRTF GROUP DELAY DECOMPOSITION FOR IDENTIFICATION OF PURE MINIMUM PHASE HRTF
Any transfer function can in general be decomposed into its minimum phase component and all pass component. Similarly, an HRTF measured from a direction Ω = (φ, θ) can also be represented as a cascade of its minimum phase component and pure delay component as,
where H min (·) is the minimum phase component of HRTF, and H ap (·) is the all pass component of HRTF. H(·) is termed as composite HRTF herein. In principle, the minimum phase component of HRTF is obtained by factoring the transfer function polynomial and identifying zeros and poles which are inside unit circle. But factoring large polynomials is not practical and therefore a non parametrical method of obtaining minimum phase component is used herein [11] , [12] . The flow diagram for computing minimum phase component of HRTF is illustrated in Figure 1 . F indicates the Fourier transform operator and F indicates the folding operation which is performed on complex cepstrum using Equations 2 and 3 for even and odd N respectively. A folding operation is performed to transform the non causal exponentials in the complex cepstrum to causal exponentials. In other words, exponentials due to the zeros and poles lying outside the unit circle are shifted to its conjugate reciprocals which lie inside the unit circle. After obtaining the minimum phase component, all pass component can be obtained as the ratio of composite HRTF and minimum-phase component of HRTF as in Equation 1. Fig. 2(a) illustrates the magnitude spectrum of composite HRTF. Fig. 2(b) illustrates the unwrapped phase spectrums of composite HRTF, minimum phase component of HRTF and all pass component of HRTF for Subject 003 of CIPIC database for angular direction Ω = (0 0 , −11.25 0 ). M1, M2 and M3 in Figure 2 (a) indicate the nulls in the magnitude spectrum. These nulls manifested as small variations in the unwrapped phase spectrum of minimum phase component of HRTF which can be observed in Figure  2 (b). This relation stems from the fact that the magnitude response and phase of the minimum phase systems are related using a Hilbert operator [11] , [13] . Further in this example, the all pass component also exhibit a phase variation. All these phase variations are manifested in the composite HRTF as the phase spectrum of composite HRTF is the sum of phase of minimum phase and all pass components. However some of the variations are indistinguishable in the phase spectrum. In order to resolve this ambiguity, group delay decomposition of HRTFs is performed, as the group delay spectrum exhibits sharper nulls when compared to the phase spectrum [14] , [15] . In the rest of the section, group delay decomposition of HRTF and pure minimum Phase HRTF identification is discussed.
A. Decomposition of Group Delay of HRTF in to Minimumphase and All Pass Components
The group delay function is defined as the negative derivative of phase spectrum. The additivity and high resolution property of group delay functions has been studied and applied widely in the domain of speech processing [16] . These two properties of group delay functions can be used in the accurate decomposition into minimum phase and all pass components. The group delay of the composite HRTF can be decomposed in to its minimum-phase and all pass components as,
where, τ g,com , τ g,min , and τ g,ap are the group delay of composite, minimum phase and all pass components of HRTF respectively. Group delay of each individual component can be obtained as [13] ,
where, H R (ω) and H I (ω) are the real and imaginary part of Fourier transform of h[n] respectively. It may be noted that, h [ n] is the Head Related Impulse Response (HRIR). H R (ω) and H I (ω) are the real and imaginary part of Fourier transform of nh[n] respectively. The group delay response of composite, minimum phase and all pass components of HRTF are computed using a LP-GD based method as discussed in [9] . The group delay response of all the three components is illustrated in Fig. 3(a) -(c) for Subject 003 of CIPIC database. Notches M2 and M3 in the group delay response of composite HRTF are clearly due to the nulls in the magnitude spectrum as shown in Fig. 2(a) . Notch M1 of group delay response of HRTF is contributed by the phase variation of all pass component that can be seen in Fig. 2(b) . The group delay magnitude of the composite HRTF at the notch frequencies can be attributed to the group delay additivity property given in Equation 4 . The significance of the group delay decomposition in the identification of pure minimum phase HRTF is discussed in the ensuing section.
B. Significance of Group Delay Decomposition in Identification of Pure Minimum-phase HRTF
Group delay spectrum of composite HRTF is an addition of its minimum phase and all pass components as given in Equation 4 . However, a composite HRTF is decomposed as the product of its minimum phase and all pass component as given in Equation 1. Hence, spectral notches can be resolved better in the group delay domain because of its additivity property [15] . Additivity property of the group delay spectrum also helps in resolving the closely spaced spectral notches of the composite HRTFs. In order to illustrate the significance of the group delay spectrum, consider HRTFs for elevation angles (−11. HRTFs of spatial angles which are completely described by spectral notches due to the minimum phase component and not by the all pass component are termed as Pure-Minimum phase HRTFs. HRTFs of these directions can be modelled as a cascade of minimum phase component and a pure delay component. The resultant minimum phase HRTF preserves all spectral notches of the composite HRTF. HRTF exhibiting pure minimum phase behaviour is shown in Fig. 4 
(a3)-(c3).
2) Minimum phase-All pass HRTFs: HRTFs of spatial angles which are completely described by spectral notches by both the minimum phase and all pass components of HRTF are called Minimum phase-All pass HRTFs. A minimum phase-All pass HRTF is shown in Figs. 4(a1)-(c1) and (a2)-(c2). HRTFs of these spatial directions cannot be modelled as a cascade of minimum phase component and pure delay component as the spectral notches of the all pass component cannot be captured by the minimum phase-pure delay model. Therefore it is important to develop a minimum phase HRTF model which can capture the spectral notches of the all pass component. Before introducing this model, identification of pure minimum HRTFs and its corresponding spatial angles using FBS method is discussed.
C. Indentification of Pure Minimum-phase HRTFs and Corresponding Spatial Angles using FBS Method
Identification of pure minimum-phase HRTFs and its corresponding spatial angles is an important step in the development of a new minimum phase HRTF model. Identification of pure minimum phase HRTFs of various spatial angles is performed herein, by analytical modelling of composite HRTFs. Fourier Bessel Series (FBS) is one method to model composite HRTFs of a circular plane. FBS method was earlier studied in the horizontal plane HRTF interpolation [10] . However FBS method is used here to reconstruct HRTFs of any arbitrary spatial direction in a particular circular plane. Spectral notches are extracted for the reconstructed HRTFs, and the range of azimuthal and elevation angles for which all pass spectral notches exist are identified. The following sections details the FBS based HRTF modelling and identification of purely minimum phase HRTFs.
1) FBS based Modelling of Composite HRTF: Consider HRTFs of equally spaced discrete directions on any circle circumscribed over a sphere. Fourier series representation of these HRTFs is given by
Fourier series coefficients in Equation 6 are frequency dependent. These coefficients capture the resonances and notches present in HRTF. It has been shown in earlier work that spectral component of HRTF have similarities with the Bessel functions [17] . Utilising this knowledge, C m (f ) is represented using Bessel functions as,
where, J n (.) is the Bessel function of first kind and order n. β 
The complex coefficients C mk are found by utilizing the orthogonal property of Bessel functions. In Equation 8 , for various values of k, Bessel functions are orthogonal functions. The orthogonal property of Bessel functions is given below.
Further for various values of m, the exponential terms are orthogonal. Therefore applying joint orthogonality property, coefficients C mk can be found as, 
Equation 10 consists of continuous functions and an integration operator. In practice the integral needs to be computed by discrete approximation of Equation 10 . A discrete approximation of Equation 10 can be obtained by
where M and N denote the total number of discretized frequency bins and angular directions respectively. Computation of C mk for all m and k is practically not possible. Therefore truncation to a finite value is required. This truncation is justified because the magnitude of C mk coefficients is significant for only finite m and k values as illustrated in Fig. 5 . It can be inferred from the Fig. 5 that, for |m| > 10, k > 70 and k < 30, C mk magnitude is considerably very less. Using the truncation limits HRTFs can be reconstructed for any arbitrary elevation angles. In this manner HRTFs thus computed from FBS method can further be used to obtain the spectral notches for any arbitrary angle (θ, φ). In this work reconstruction is performed for all the elevation angles of all the 25 interaural circles of CIPIC database.
In order to precisely estimate the spectral notches, group delay is computed using an LP-GD approach [9] . This algorithm is used to obtain the location of spectral notches, and notch depth. In order to distinguish notches a threshold of -0.8dB is used in this work. Fig. 6 illustrates the group delay plot obtained for the HRTFs reconstructed for an elevation angle −39.37
• to −33.75
• in steps of 1.125
• . It can observed clearly that there is a monotonic increase of the depth of notch PSNs extracted for reconstructed HRTFs, and their minimumphase and allpass components for elevation angles ranging from −39.37 0 to −33.75 0 . Elevation angle step size of 1.125 0 is used. 1 and notch 5. It may be noted that, the HRTF reconstructed using FBS for any arbitrary elevation angle has a continuous evolution in terms of spectral notches with respect to its preceding and succeeding elevation angles.
2) Identification of Pure Minimum phase HRTFs from Composite HRTFs: FBS based modelling of composite HRTFs can be used to reconstruct composite HRTFs of any elevation angle in an interaural circle. This result of the FBS method indicate that it is possible to observe the spatial dynamics of the notches continuously in the 3D space. Hence it is also possible to observe the spatial dynamics of minimum phase and all pass spectral notches so that purely minimum phase HRTFs can be identified. An example illustrating the spatial dynamics of minimum phase and all pass spectral notches is given in Fig. 7 . It can be understood from the first notch of all pass component that, FBS method can exactly identify the angular direction at which all pass spectral notches crosses the threshold. The steps for finding the pure minimum phase HRTFs and corresponding spatial angles is enumerated in Algorithm 1. The inputs to Algorithm 1 are the set of measured HRIRs. The algorithm utilizes the FBS method described in Section II-C1 to output Ω and H . Ω is the range of all angles for which HRTFs exhibit purely minimum phase behaviour in a particular circular plane, and H includes corresponding minimum-phase HRTFs. This algorithm can be repeated for all the azimuthal angles to identify the pure minimum phase HRTFs of all directions of 3D space.
Simulations are performed on HRTFs of CIPIC database across various subjects using proposed algorithm to identify the purely minimum phase HRTFs. Figure 8 indicates the depth of the all pass spectral notch for various directions. The color (Blue) in Figure 8 indicates the regions where HRTFs does not exhibit any spectral notch by the all pass component and therefore considered as purely minimum phase in nature. It can be observed that HRTFs corresponding to roughly azimuthal angles ranging from −90 0 to 90 0 and elevation angles ranging from 50 0 to 120 0 , exhibit pure minimum phase behaviour.
III. MINIMUM PHASE HRTF MODEL FOR 3D BINAURAL
SOUND SYNTHESIS In spatial directions where HRTFs do not exhibit pure minimum phase behaviour, there is a contribution of spectral notches from the all pass component. Therefore a new minimum phase HRTF model is studied so that the resultant HRTF captures all spectral cues. The minimum phase HRTF model is illustrated in Fig. 9 . The model consists of three components that are cascaded in series. The first component, H min (θ, φ, f ) indicates the minimum phase component of composite HRTF. The second component e −jωt d indicates the pure delay, where t d indicates the onset time of the measured HRIRs. The third componentĤ apf (θ, φ) is the second order all pass filter that models all pass component H ap (θ, φ). It must be noted that, for (θ, φ) ∈ Ω, the all pass components do not exhibit spectral notches and hence the transfer function of APF has no zeros and poles. But for directions where (θ, φ) / ∈ Ω, the transfer function contains zeros and poles. Hence the resultant transfer function of the proposed HRTF model H r (θ, φ) is given by end if 14: end if 15: Output: Set of purely minimum phase HRTFs H , and its corresponding directions Ω.
The design of the all pass filterĤ apf (θ, φ) is discussed in the ensung section.
A. Design of a Second Order All Pass Filter for Modeling All Pass Component of HRTF
All pass component of any transfer function exhibits a flat magnitude spectrum. The differences in the all pass component of various transfer functions can only be observed in the phase response. In general, a second order all pass transfer function can be expressed as,
where c 1 ,
are conjugate reciprocal to each other and they correspond to locations of pole and zero respectively. (r, θ 0 ) are their corresponding magnitudes and angles. f 0 represent frequency location where the all pass filter exhibit a phase variation, and f s corresponds to sampling frequency. This transfer function exhibit flat magnitude spectrum, however phase and its corresponding group delay of the transfer function depends upon the magnitude and angle of the c 1 , c 2 . The angle θ 0 is determined as given in Equation 13 . Magnitude r is determined by the depth of notch that is observed in the group delay of all pass component. The phase and group delay spectrum of an all pass filter is related to its magnitude of the pole r as follows. 
x(t)
H min (θ, φ, f ) e −jωt dĤ apf (θ, φ, f ) y(t) ∠Ĥ apf (ω) = Φ = −2ω − 2 tan
It can be observed that the relation between the depth of the notch and the magnitude of r is not linear. Location of the notches obtained using LP-GD approach are used for finding the angle θ 0 and τ g . For a fixed τ g , and θ 0 , the polynomial expression in r can be solved to obtain the magnitude of pole r. In this manner second order all pole filter is designed. Experiments are performed using HRTFs of Subject 003 of CIPIC database for angular direction Ω = (0 0 , −11.25 0 ). Figure 10 (a 1 , a 2 , a 3 ) illustrates the group delay of the composite HRTF, minimum phase component of HRTF, and all pass component of HRTF obtained using LP-GD approach. It can be noted that, the all pass component of HRTF consists of a spectral notch at frequency f 0 = 6991Hz. As group delays of minimum phase and all pass components are additive, the spectral notch contributed by the all pass component is manifested at the same location in the composite HRTF. The HRTFs generated using the minimum phase-pure delay model does not capture the contribution of these notches that can be noted from Figure  a 2 . Figure 10 (b 3 ) indicates the group delay of second order all pass filter using (r = 0.96, f 0 = 6991Hz) obtained using LP-GD approach. Figure 10 (b 2 ) indicate the group delay of the minimum phase component of HRTF. Figure 10 (b 1 ) indicates the group delay of the final composite HRTF obtained using the proposed method. It can be noted that, all spectral notches of minimum phase or all pass components are well captured. , and second order all pass filter respectively obtained using LP-GD approach.
B. Significance of minimum phase HRTFs in 3D binaural sound synthesis
Binaural synthesis is usually performed by filtering any monophonic sound with Left and Right HRTFs. It is important to understand the advantages of using minimum phase HRTFs as compared to composite HRTFs in the 3D binaural sound synthesis. Minimum phase systems reduces the cost of binaural synthesis by shortening the length of FIR filters and reducing the components required in the linear decomposition methods. Hence for the directions whose HRTFs exhibit purely minimum phase nature, the cost of binaural synthesis will be less as they can be completely represented in minimum phase components. For other directions a second order all pass filter adds additional cost but comes at an advantage of capturing important spectral cues. So instead of approximating all the HRTFs using minimum phase component and pure delay, in this work we selectively identify the directions for minimum phase representation thereby reducing the complexity and also capturing the important cues that are relevant for spatial sound perception. Considering these advantages the HRTFs obtained using the proposed method are used in the 3D binaural sound synthesis. The steps involved in obtaining the proposed HRTFs and the 3D binaural sound synthesized using these HRTFs are enumerated in Algorithm 2. The ensuing section discusses the performance of the proposed HRTFs as compared to HRTFs obtained using minimum phase pure delay model.
IV. PERFORMANCE EVALUATION
Performance evaluation of the proposed minimum phase HRTF model is evaluated by extracting and investigating the Algorithm 2 Algorithm for 3D Binaural Sound Synthesis using the proposed minimum phase HRTFs 1: Input: θ 0 , φ 0 , purely minimum-phase HRTFs (H ), and its corresponding spatial angles (Ω), and monophonic sound x(t). 2: Extract minimum phase and all pass components H min (f, θ 0 , φ 0 ) and H ap (f, θ 0 , φ 0 ) 3: Compute the time delay t d using the onset time of HRIR. 4: Compute the zeros z * = {z 1 , z 2 }, and poles p * = {p 1 , p 2 } of second order all pass filter using all pass spectral notch specifications. 5: Using the zeros and poles obtain the second order all pass transfer functionĤ apf (θ 0 , φ 0 )
Compute the left and right minimum phase HRTFs H r,l and H r,r and its corresponding HRIRs h r,l and h r,r using Steps 2 to 10. 12: y l (t) = x(t) * h r,l , y r (t) = x(t) * h r,r 13: Play the left and right channel output through headphones. 14: Output: HRTFs obtained using the proposed method H r,l , and H r,r , and Binaural sound.
quality of PSNs obtained from the HRIR. Coherence analysis between HRIR computed from the proposed model and the ground truth HRIR is performed. Finally 3D binaural audio is synthesized using the HRIRs obtained herein. Subjective There are 50 HRIRs in both horizontal and median plane. Each HRIR is of 200 sample length and measured at a sampling frequency of 44100 Hz. In addition to HRIRs, CIPIC also includes left and right pinna images of subjects for whom the HRIR measurement has been performed.
2) KEMAR Database: KEMAR database [18] contains HRIRs measured by following vertical polar coordinate system . KEMAR contains HRIRs for elevations angles ranging from −40 0 to 90 0 with an angular increment of 10 0 , and for azimuthal angles ranging from −170 0 to 180 0 with an angular increment of 5 0 . KEMAR contains 28 HRIRs in median plane, and 72 HRIRs in the horizontal plane. Each HRIR is of 512 sample length and measured at a sampling frequency of 44100 Hz.
3) MiPS Database: MiPS database contains HRIRs measured for the sampling points chosen by combining the interaural and vertical polar coordinate as discussed in [19] . HRIRs are measured for every 10 0 resolution in the vertical circles. MiPS database contains 36 HRIRs in both horizontal and median plane. Each HRIR is of 1024 sample length and measured at a sampling frequency of 44100 Hz.
B. Experiments on Median Plane PSN Extraction
As the proposed HRTF model is aimed at preserving the important spectral cues, pinna spectral notches are extracted for the HRTFs obtained from the proposed model and compared it with the PSNs of measured HRTFs and the PSNs of minimum phase-pure delay model. Further we also illustrate the spectral notches of the all pass components in order to illustrate the spectral notches that are lost due to the minimum phase approximation of HRTFs. In this work, PSNs are extracted using LP-GD method with a threshold for notch depth equal to -0.8. PSNs extracted for composite HRTFs (a1,a2), reconstructed HRTFs using proposed method (b1,b2), minimum phase component of composite HRTF (c1,c2), and all pass component of composite HRTF (d1,d2) in the median plane for elevations −45 0 to 90 0 are illustrated in Fig. 11 . As compared to Fig. 11 (a1) and (a2), the spectral notches are smoother in Fig. 11 (b1) and (b2) . This can be attributed to the FBS method of HRTF reconstruction, since this method facilitates continuous evolution of spectral notches. PSNs are observed to be discontinuous in both Fig. 11(c1) ,(c2) and (d1),(d2). This indicates that both minimum phase and all pass components do not exhibit well defined spectral notches for all elevation angles. Additionally it must be noted that, not all the directions in the median plane are pure minimum phase. PSNs extracted for the proposed HRTFs are smoother and evolve continuously. This smooth evolution observed in the PSN can be noted when PSNs are mapped to pinna images.
1) Mapping Pinna Spectral Notches to Pinna Images: The relation between PSNs and contours of the pinna has been studied using a two ray reflection model [9] , [20] . A similar mapping is performed for the composite HRTFs, reconstructed HRTFs using proposed method, minimum phase and all pass components of composite HRTFs. It can be observed from Fig. 12 that, notch distances vary smoothly for the reconstructed HRTFs as compared to distances obtained for composite HRTFs. Additionally in the proposed method, notch distances can be obtained for all the elevation angles in a seamless manner. An important observation in the mappings of minimum phase and all pass components is that, some of the spectral notches are unique to either minimum phase or all pass components. For example in Fig. 12(c1) some of the PSN mappings are missing in the middle of concha wall, where as in Fig. 12(d1) , those PSN mappings can be observed. This indicates that, in some regions spectral notches contributed by the all pass components are directly related to the sound reflections from the concha wall. On the other hand the PSN mappings exhibited at the top of concha wall in Fig. 12(c1) , is absent in Fig. 12(d1) . These regions exhibit purely minimum phase behaviour of HRTFs. A similar observation can be made for Subject 163 of CIPIC databse in Figs. 12(a2)-(d2). This indicates that ignoring all pass spectral notches would prune some of the sound reflections from the the concha wall for directions which do not exhibit purely minimum phase behaviour.
C. Cross Coherence Analysis
Minimum phase-pure delay model (Min-PD) ignores the phase contributed by the all pass component. The proposed minimum phase HRTF model (Min-HRTF) captures the contribution of both the pure minimum phase and minimum phaseall pass behaviour. In order to evaluate both these models, an objective measure called Normalized Cross Coherence (NCC) [6] is used herein. The expression for NCC is given by
where, h gt , h apf , h mpd indicate the ground truth HRIR, HRIR obtained from Min-HRTF model, HRIR obtained from Min-PD model respectively. However there exists an onset time between minimum phase and composite HRIRs. Therefore the point at which there is a maximum coherence (ψ * ) can be used as a measure to determine correlation between composite HRIRs and the HRIRs obtained from the minimum phase HRTF models. HRIR cross coherence computed for median plane HRIRs is illustrated in Fig. 14 . HRIR cross coherence computed for all the directions of CIPIC database are illustrated in Fig. 13 . It can be observed that, for elevation angles ranging from 50 0 to 120 0 the cross coherence is same for the proposed Min-HRTF model and the Min-PD model. It is so because, these directions exhibit purely minimum phase behaviour. For the remaining directions we can observe a higher cross coherence for the Min-HRTF model when compared to Min-PD model for most of the directions. Difference in the cross coherence is used as a measure to identify the model which exhibits higher coherence. This difference in normalized cross coherence can be defined as Fig. 12 . Pinna contours obtained from the PSNs extracted for measured HRIR (a1,a2), reconstructed HRIR using proposed method (b1,b2), minimum phase component of reconstrcuted HRIR (c1,c2), all pass component of reconstructed HRIR (d1,d2) are mapped to the pinna images available on CIPIC database for subjects 163, and 119 respectively. 
D. Experiments on 3D Binaural Sound Synthesis
HRTFs obtained from the proposed method are utilized for 3D binaural sound synthesis. As median plane HRTFs are highly person specific, binaural sound synthesis is performed only in the horizontal plane. FBS method is used to reconstruct HRTFs for any angle in the 3D space. HRTFs are obtained by proposed method and Min-PD model for azimuthal angles with a resolution of 1 0 . Measured HRTFs of CIPIC, KEMAR, and MiPS databases in the horizontal plane are also used for evaluations. A monaural sound signal is spatialized using HRTFs obtained from various methods. Binaural rendering is performed by computing block convolution, where, successive blocks of monophonic sound are convolved with HRIRs of successive directions in the 3D space. Subsequently these filtered sounds are concatenated using the overlap save method [13] . The filtered signal using left and right HRIRs are played through headphones. The synthesized binaural audio is evaluated subjectively using Mean Opinion Scores (MOS). Fifteen subjects are selected in the evaluation. Following attributes are used for subjective evaluations [21] , [22] .
• Naturalness (N): How true to life the audio listening was?
• Presence (Ps): Presence in audio source environment.
• Preference (Pf): Degree of pleasantness or harshness.
• Perception of Motion (PoM): The precision and correctness with which the trajectory of the source is perceived. The corresponding MOS obtained for spatial sound are enumerated in Table I . The difference between the MOS of PoM attribute across various methods is very low. But measured HRTFs and proposed method HRTFs has slightly better MOS when compared to MOS obtained for Min-PD HRTFs. The MOS of preference attribute is found to have higher value and is mostly same for all the methods. For naturalness attribute, measured HRTFs seem to provide better quality of rendered sound. In the presence attribute, measured HRTFs followed by proposed method HRTFs seem to have higher scores. Across all the attributes measured HRTF and proposed method HRTFs has higher scores when compared to the HRTFs obtained by the Min-PD model.
V. CONCLUSION
A new minimum phase HRTF model is developed in this paper for accurate reconstruction of HRTFs. A novel group delay decomposition method is used in developing the proposed model which captures the pinna spectral notches due to both the minimum phase and all pass component of the HRTF. An accurate reconstruction of the HRTFs for all spatial angles is therefore possible in contrast to the minimum phase-pure delay model. Additional advantages of the proposed HRTF reconstruction model include a PSN extraction with a high degree of resolution and reduced cost of the binaural sound synthesis without compromising the important spectral cues. Future work will investigate the computational complexity of the proposed minimum phase HRTF model in 3D binaural sound synthesis applications. Development of real time 3D binaural sound systems using the proposed minimum phase HRTF model will also be investigated in future.
